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1 Introduction 



Tachyon condensation on D-branes has been studied extensively. It is conjectured for bosonic 
D-branes that the minimum of the tachyon potential represents closed string vacuum |]TJ, and 
tachyon lump solutions represent lower dimensional branes ]l[ @ . 

String field theories are powerful tools for checking these conjectures. In many cases one 
of the following two types of string field theories has been used : cubic string field theory 
(CSFT) fH and boundary string field theory (BSFT) Q. By level truncation approximation 
in CSFT we can calculate numerically the value of the potential at the minimum [J, 
construct tachyon lump solutions and confirm the absence of physical excitation on the 
vacuum M. Furthermore, the form of the action around the closed string vacuum (vacuum 



SFT) is conjectured in || and its properties are investigated in JTO], |TT|. On the other hand, 
by using BSFT we can get the exact tachyon potential and lump solutions fl2f . (For related 
works and the case of superstring see |L3], [b|, [D|. For a review see [|16j.) At present the 
relation between these two string field theories is unclear. Therefore it is worth investigating 
the tachyon condensation by both of them. In this paper we use CSFT and level truncation 
approximation. 

In CSFT it is proven that the tachyon potential can be determined irrelevantly to the 
choice of closed string background [|T7]]. The crucial point for the proof of this fact is that 
we can drop all the fields except the unit operator and its descendants. However, for lump 
solutions we must give nonzero vev to nontrivial primary operators and their descendants, 
and therefore the results depend on the choice of closed string background. The solutions 
constructed in j7| are those on flat background. 

For further understanding of tachyon condensation, it is desirable to consider lump solu- 
tions on curved backgrounds. In this paper we give such an example: lump solutions on SU(2) 
group manifold. SU(2) group manifold is an example of curved background on which the 
worldsheet CFT is known exactly i.e. WZW model. This manifold is also known as the exam- 



ple which has the noncommutative structure [18, IS]. The analyses of tachyon condensation 
by the worldsheet CFT and the effective action is given in 



D-branes which extend to two dimensions in SU(2) (we call them D2-branes) can be re- 
garded as bound states of D-branes which sit at a point in SU(2) (we call them DO-branes) 



2T| , |I9|, and DO-branes are conjectured to be able to vanish into the vacuum by tachyon 
condensation. Therefore one can imagine the process that some of the DO-branes forming the 
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D2-brane vanish and the other DO-branes remain. Hence it is natural to conjecture that there 
exist lump solutions on D2-branes which represent some DO-branes. 

We construct such lump solutions in CSFT in level [1,3], [2,6] and [5/2,5] approxima- 
tion, where [iV,M] means that we consider only the fields with the level (i.e. conformal 
dimension+1) < iV and retain only the terms with the sum of the levels < M. (On the other 
hand the notation (N,M) used in many literature means only the fields with the level < N 
and only the terms with the sum of the levels < M.) We consider the case where the D2-brane 
is the bound state of 2 and 3 DO-branes. 

This paper is organized as follows. In section 0, we summarize the properties of D-branes 
on SU(2) group manifold and the cubic string field theory on it, and explain how to calculate 
the terms in the action of CSFT. In section |^, we construct lump solutions and compute their 
energy. Section (| contains conclusions and discussions. 

In the following a' is taken to be 1. 

2 D-branes and cubic string field theory on SU(2) group 
manifolds 

In this section we summarize the known results about D-branes of bosonic string theory on 
SU(2) group manifolds and fix the notations. Then we explain how to calculate the terms in 
the action of cubic string field theory on these manifolds. 



2.1 The worldsheet CFT 



SU(2) group manifold (~ S 3 ) can be, for example, parametrized as follows. 




(1) 



Xi = sin tp sin 6 cos </>, 



%2 = sin ijj sin 6 sin 0, 



x 3 = sin ip cos 6, 



Xi = cos?/ 1 , 



(2) 
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where 9, <fi and ip are spherical coordinates of S 3 . Let the radius of S 3 be \/ka' = y/k. The 
worldsheet CFT on SU(2) group manifold, i.e. SU(2) WZW model, has the left moving current 
J a (z) and the right moving current J a (z). Their mode expansions are J a (z) = J2n z ^ n l Jn 
and similar one for J a (z). The commutation relation of these modes is 



r ja j, 
\. u m u i 



if abc Jn+m + knS ab S n! 



(3) 



(./ 



abc 



,-abc 



for SU(2)) The radius k becomes the level of the SU(2) current algebra. Therefore 



J o form 



k is quantized to be positive integer valued. The central charge of this CFT is 
ordinary SU(2) algebra and primary fields belong to the representations of this algebra. We 
denote the primary field in spin j representation by $J\ Then, 



J" 



m 

{j))m' > 



ja 

J n>0 



0. 



(4) 



where (Tus)^ is the spin j representation matrix. The conformal dimension of $™ is hj = 



3(3+1) 



, , . We take the diagonal modular invariant as the closed string 1-loop partition function. 

When we consider open strings we must impose some boundary condition which relates 
J a (z) to J a (z). Henceforth we consider the following condition. 

J a (z) = J a (z) on the boundary, (5) 

where z is a coordinate of the upper half plane and we take the real axis as the boundary. 



Boundary states for this boundary condition are 24 



(6) 



J takes the values 0, |, 1, 



k 

' 2" 



where \j)) is the Ishibashi state constructed on the primary field •DJ 1 and Sj is the modular 
transformation matrix: 

p: (2j + i) ( 2 j+ i), 

V k + 2 k + 2 y 1 

The worldvolume of the boundary state labelled by J is 
ijj = const. = k V^ n , which is an S 2 parametrized by 9 and (p |22] , 25]. If J — or | ,the 
S* 2 shrinks to a point (at k — ► oo). Thus \J) with J — 0, | represent DO-branes and others 
are D2-branes. The D2-brane with boundary state | J) can be regarded as the bound state of 



(2J+ 1) DO-branes 0, [19[. 

The spectrum of primary fields on the brane with boundary state | J) is 



0,1,2, 



min(2J,fc - 2J). 



(8) 
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Note that j takes only integers. Their OPE is known as follows p6|. 18 



= (x-y) h is h n h ™ (ji,m 1 J 2 ,m 2 \j 1 J 2 J 3 ,m 3 )cf lj2 (k, J) $™%) + (descendants), 

(9) 

where (ji, m 1? j 2 , 777. 2 1 ji, j 2 , j'3, m 3 ) is the Clebsch-Gordan coefficient, and c , J \j 2 {k 1 J) is written 
by quantum 6-j symbol and given in the appendix 0. Three point correlation functions are 



31 



$™ 3 ) = c 



mi m 2 m 3 

3i h h 



(10) 



and 



C 



mi m 2 m 3 

jl 32 32, 



/ (2j3 + l)[2j 3 + l] 
The definition of [2j 3 + 1] is given in the appendix C 



0'i,mi, J2,m 2 |ji,j2,j3, -ma) ^ 3 (A;, J). (11) 

is symmetric under 



mi m 2 1713 

jl 32 33 

cyclic permutations of (1,2,3), as should be for the three point functions, and satisfies the 
following relations. 



C 

c 



mi m 2 1713 

3i 32 J3 

mi m 2 1713 

ji h jz 



if rrii + m 2 + m 3 7^ 



m 2 mi m 3 

k ji h 



(12) 
(13) 



2.2 Cubic string field theory on SU(2) 

Next we explain the cubic string field theory and how to calculate the terms in the action. 
We will consider the following background. 



X x Y x M x SU(2), 



(14) 



where X is the time direction which is taken to be flat, and Y is a spatial direction, which is 
also taken to be flat, and the boundary condition for open strings along this direction is taken 
to be Dirichlet. Ai is an arbitrary background with the central charge 24 — appropriate 
for cancelling the total central charge. We denote the Virasoro operator of the matter part of 
X x Y x M x SU(2) and X x Y x M. by and L' n respectively, and the central charge of 
X x Y x M by d = 26 - ^ 



The action for string field ^ on general CFT background is constructed in |27 
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(15) 
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We follow the notation of | 28f . Qb is the BRST charge: 

dz 



Qb = /^ :c W( TM W + ^( 2 )) : 

oo 

= c -nL { ™ ] + c n(c- n b n + b_ n c n ) - 1 - 2b ^ nc -nC r , 

n=—oo n>l n>l 



n>l,m>l 

+(n + 2m)(6„ n c_ m c m+n + c_ m _ n c m 6 n ) . (16) 

Thanks to the presence of K we can relate g Q to the mass of D-brane M [ |17jj : 

4 = 2vr 2 M. (17) 

We can calculate M by computing the cylinder amplitude and factorizing the contribution 
of gravitons, or computing the disk partition function [19|, ^T|. The mass Mj of the brane 
represented by the boundary state | J) is 



Mj<xS° J = J-^-sin (2 f +1)7r . (18) 

The proportionality coefficient is determined from the information of M.. We do not have to 
know it for our purpose. 

The string field \1/ can be expanded by primary operators and their descendants. We do 
not have to consider all of them for seeking lump solutions on D-branes which depends only 
on the SU(2) directions. The components which we have to consider are those made by acting 
with the oscillators 

{ Jti, J-ii ' ' " i ^-2> ^-3> ' ' ' ' C 0' c -i ' ' ' > > ^-1) ^-2 j " ' '} (19) 

on \j,m), where \j,m) = $™(0)ci |0) and |0) is the SL(2,R) invariant vacuum. It can be 
easily shown that the set of the other components do not have linear terms in the action and 
therefore their equations of motion are satisfied if they vanish. Hence they can be taken to be 
zero from beginning. Then \I/ can be expanded as follows. 

* = \j,™)t? m 

+r i \j,m)u a n > 

+J a _ 2 \j, m) < + J1,J\ \j, m) vt J + &-iC-x \j, m) ffl + L'_ 2 \j, m) < 
+ ••• 
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+c [&_i I j, to) P m 

+Jl 1 b^ 1 \j, m) u% + 6_ 2 \j, m) v? m 



+ 



(20) 



Here the repeated indices are summed over. The terms containing cq are removed if we take 
the Siegel gauge b Q = 0. \j, m) and its descendants correspond to the spherical harmonic Y™ 
I9[ , Since (Y m )* = (— l) m Y"~ m , we impose the following reality conditions. 



(4)* 

(PLY 



K 1) ^— m- 

(-l) m /3i m 
-(-1 



m aj 



abj\* 



W; 



J \* 



m aj 



(a* = -(-in 



in ■ 

m w j 

a ' —mi 

■mTj 



u 



aj\* 



-l) m u ai 



[ui 



m I 
m~J 



(-l) m ul m} etc. (21) 



Additional sign factor is needed for v%{, P m and u J m because their BPZ conjugations are equal 
to minus the hermitian conjugations. 

We can reduce the number of components further. The components with the eigenvalues 
of Jq 7^ has no linear terms because of global SU(2) symmetry generated by Jq . Therefore 
we can satisfy the equations of motion by putting them to be zero. We consider only the 
components with Jq = 0. Then we can restrict the components in (^) in the following form. 



Omi 



W 



w 3 8 { 



Omi 



h m 



Omi 



II: 



Omi 



u% = v i + i' +l U m ' a (1, m',j, m\ljj'0) u jj ' , 
v % = v i+fu m ' a (1, m',j, m\ljj'0) v jj ' , 
u% = v ^' +1 U m ' a (1, m',j, m\ljj'0) u»', 

v a m J = rf+i"U m ° b (1, m 3 , f, m 2 \lfj"0) U m > a (1, m h j, m\ljj'm 2 ) v"' j " 



(22) 



where = 1 (for j = even) , i (for j = odd) and U ma is the following matrix which convert 
the standard spin 1 index m to the adjoint index a. 



U % 



( L L n \ 





V 75 





i_ 

~V2 



(23) 



The reality condition for these components are determined from ([H]). All of them are real. 



i.e. 



(t j y = t j , (py = p j , (w j y = w?, 



t j .. 



U J 



w 



JJ \* 



JJ 



,JJ \* 



nJJ 



w 



JJ \* 



u 



JJ' 



(24) 
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Now let us explain the calculation of the quadratic terms in the action. First, we get 



2-point functions of two SU(2) primary operators by putting j 2 = m 2 = in eq. 



(*8 



$ m l$™ 



c 



m m! 
J f 
(-l) m 



(2j + 1) [2j + 1] 



Oj,j'0"m,—m' 



(25) 



7-U L > 



The BPZ conjugation of J°^ ni Jl m 
and the commutation relation (|3|), 
of primaries. 



$f > is ($ 



• • [(-l) n2+1 J«][(-l) ni+1 J*j]. Using this 
2-point functions of descendants can be reduced to those 



Let #i 
Then 



>iGi |0) and \l/ 2 = 02^2 |0) , where Gi are ghost parts, and 0, are SU(2) parts. 



(*i,Ob* 2 > = / ^ [(Ci|^)|G 2 ) (&|T<™>(z)|fc) + i (Gil : c(z)Tfr fc >(*) : |G 2 ) (0 X |0 2 ) 

(26) 

Since / ^ : c(z)T^ 9h ^ '(z) : does not change descendant level and (0i|0 2 ) is nonzero only when 
(f>i and (p2 have the same descendant level, the second term of ( ffif) is nonzero only when 
and \l/ 2 have the same SU(2) and ghost descendant level. (<pi\T^ (z)\(j)2^ is nonzero only 
when T^ m \z) \<p 2 ) and \<pi) have the same descendant level. Therefore (</>i|T( m )(z)|</> 2 



z 



N 1 -N 2 -2 



(m) 



AT 2 -JVi 



where iV,- are the descendant level of Then the first term of 



(m) 



(27) 



is equal to 

\G 2 ) U 

This is nonzero only when ^ and \l/ 2 have the same total descendant level. Thus we can 
reduce the number of terms needed to calculate. Remaining terms can be calculated by using 
commutation relations of J%, c n and b n . 

( f26|) becomes particularly simple when \G\) and \G 2 ) do not contain cq i.e. and \I/ 2 



(28) 



satisfy the Siegel gauge condition: 

(*i,Qb*2)=/i(0i|&) (Gi\G 2 ), 
where h is the dimension of ^i. 

Next we explain how to calculate the cubic terms in the action. We adopt the method 
given in P5| . Let K, be an operator and v(z) a function which transforms as / o JC(z) = 
(f f (z)) h JC(f(z)) + g(f(z), z) and fov(z) = (f'(z)) 1 ~ h v(f(z)) under the conformal transforma- 
tion /. One can think of JC as T, j (ghost number current), b, c, J a (WZW current) and so on. 
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g(f(z), z) represents anomaly in the case of K, = T or j. We take g(f(z), z) to be zero if K, is 
Grassmann odd, and assume v(z) to be regular at infinity. Then the conservation law for K 
is (for the notation see P5[) 



Z)(Y ^fi ov ( z i)fi°fc( z i)-9(fi(zi),Zi)fi°v(zi)\-([ ^g(I(z), z)I o v(z) 

~[ \JCi 2,711 J Jz=0 2.711 

x/i o ^(O)/, o $ 2 (0)/ 3 o $3(0)^. (29) 
The representation of this law by oscillators is 



(30) 



where 



and 



/ i0 ^) = (32) 



A(/,t;) = / ^-.g{j{z),z)fov{z), (33) 

Jz=0 27TZ 

= (34) 

i=l 



We take u(z) = z~'(z 2 - 3) fe f28j. By using / 2 (z 2 ) = -/ 2 (-z 2 ) and / 3 (z 3 ) = 
we can derive v\% +2n = 0, v^ ] k+h+n = {-l) k+l+n+1 v W k+h+n (n G Z), and from the explicit 
form oft; (2) the Laurent expansions of /1 ov(zi), / 2 ot)(z 2 ) and f?,ov{z^) start from Zi,z^ and 
Z3 respectively. We suppose A(i>) = if Z + /i = even. This is satisfied in the case oi K — T 
or j. Then we can use the relation 



00 



m=0 

00 

+ X/ ^-Jfe+h-l-mC^fc-fe+l+m + ( — 1) + "^fc-Zi+l+m)] 5 (35) 



m=0 



in the 3-point function, where Si + h,odd = l(for / + fa odd), = 0(for I + /i even or noninteger). If 
we take I > (>)1 — h and > — 1, mode numbers of K, which appear in the right hand 
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side of ( pop are greater than that of the left hand side. Hence by using (|3q) iteratively, 3-point 
functions of descendants can be reduced to those of primaries, which are given in the SU(2) 
case as follows. 

hi+hs h,2 

>3, 



$™1 $ m 2 $ m 3\ 

n ' n ' J3 / 



$^(V3)^ 2 (0)^ 3 (-V3) 



mi m2 1713 

jl 32 33 



(36) 



where K = ^p. 



(^!,^ 2 ,^3) has the cyclic symmetry: (^1,^2,^3) 



_l)7 3 (7 1 +7 2 ) 



(#3,^1, ^2), where 



(— l) 7 * is the Grassmann parity of In addition to this, there is the following relation: if 
4>i have Grassmann parity (— l) 9i and are level iVj descendants of the primary operators with 
Grasmann parity (-l) Gl , and satisfy the relation ($i,$ 2 ,$ 3 ) = (-l^iaa+GiGa+GaGa+GsGi ^$ 3) $ 2) $ 1 ^ 
then 

We can regard this relation as the result of worldsheet parity symmetry, and this can also 
be proven directly as follows by applying the above procedure. We use the induction on the 
descendant level of ^123: 



4 2) (01,£-n02,03) 



-A(v)5 n> eu en (01,02,03) 
00 

,( 2 ) 



£ [vn-2m-2 (<I>1> £-n+2m+2<fa, fa) 
m=0 



+(-l)^^ 1 ) +h _ 1 _ m (/C fc _, +1+m 1 , 02, 3 ) 

+( _ 1)fe _ h+1+n+m+gKg2t; (i) +/i _ i _ m (0b 02) /c fc _, +1+m 3 ) 

_ ( _ 1) iV 12 3 + iV 1+ iV 2 +iV 3+S1S2+g2g 3+ S 3 S l A ( u ) 5njeueri (03) 0i) 
00 

_|_ ^ ^_]_)A f i23+A f i+V 2 +V 3 +gi(g2+9K:)+(S2+3K)93+939i+™-2m-2 



m=0 

X^-2m-2 (03, /C_„ + 2m+202, <f>l) 

j t _f_l\ N i2:i+Ni+N 2 +N 3 +(g 1 +g K )g 2 +g2g3+g3(gi+gic)+gicgi-k+h-l-m 



X^-i+ft-l-m (03, 02, /C fc _ ft+ i +m 0i) 

+ ( — 1 ) Ar i23+^ r i+^ r 2+V 3 +gig 2 +g2(93+9K:)+(93+9x;)9i+™+9K92 



(1) 

-k+h- 



-1-m 



k-h+l+m<PZ, 92, 9l 



-1 



,iVi 2 3+iVi+(iV2+n)+Af3+gi(92+9K)+(92+9K:)93+939l 



n,ej;era 



n,even \V ; 3, ^2, V^l/ 
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+ s 



m=0 



+( _ 1) ^_ J ^ 1 _^ nw a)^ i _ m (03> 02; K k ^ h+1+m fa) 

— _ t ,( 2 )(_^ Ar i23+Afi+(A r 2+ri)+A r 3+gi(g2+9K)+(92+9K;)g3+g39i (fa, )C_ n fa, fa) • (3£ 

Here we used the assumption of the induction and A(v) = when ^(Grasmann parity of K) = 
1. In addition, by using the cyclic symmetry, 

(fa,fa,1C- n fa) = (-l)^3+iV 1 +iV 2 +(7V3+r l )+ aia2 + g2 ( S 3+^)+(93+9 K )Sl <£_„0 3j 2 , 01> , (39) 
(lC_ n fa,fa,fa) = (-l) Ar i23 + (7Vi+n)+JV 2 +7V 3 +( S i+ 9K )92+92 9 3+ 9 3( 9 i+^) (fa, fa, fc_ n fa) . (40) 

Hence we conclude that fl3?D is valid by induction. We can use fl57| ) and the cyclic symmetry 
to reduce the number of terms in the action necessary for our calculation. In the SU(2) case, 
iVi23 = ji + J2 + J3 for $j = , as can be seen from ([13]) . 

As an example, let us calculate (j^™ 1 , J b _^f 2 \ $™ 3 ) by using the eq.(4.18) of [ f28fl for 



WZW current J": = -(^jf )a +- • ^(-^J^'+g-TPV ■ O+CaJg^+g^V 



-l^j'i ' -1^2 ' J3 

— /jbj* $ m 2 

X^O^-l^ji ' ^J 2 ' 

+ J" 1 ! $™2 $™3 

27 \ 1 1 ' -J 2 > ^\J3 

-I L/fJ m l $ m 2 /&<J)™3 

3v/3 J2 J3 
" if bac (j c ^ mi $ m2 $ m3 \ — /j"^" 1 ' 1 $ m2 $™ 3 \ (T, 6 - ^ T 



-i -if bac ( K® mi $ m2 $ m3 \ + — kS ab /$ mi $ m2 $ m3 

^27 J \ o n '^J2 '^j 3 27 \ Jl J2 J3 



9 

-I /j a ,$ m l $ m 2 $ m 3\ (J* ) m 3 

3^ 3 ^ 



' rn.. 



2 -Af bac ( -A= ] J C $™ 2 , $™ 3 \ - -?=i 



3^" VSv^; X ^ 7 3v/3 tJ V 3^3/ K jl n ° 33 1 

sT! (sTs) (** ' W' > " iTi (-3^) JS< 3 ) (^))s 

1 a , 1 , 16/ 

• -bac / fr, m i fTsm.2 ^"13 \ /rpc \ mi , xu 7„xab / rT^mi fr.rri2 fcinn 



27 \ Jl J2 53 / M )m i 27 \ Jl J2 J3 
2 



3^ 



(3^) J ° a$ - ' > (T ^ }) "? 3 + sT! ("3^) J ° $ ?) (T ^ 3 ) } ' 
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= ^ $ i2 , $ i3 ) [7£T* - 7£Z* + T 2 a T 3 - T 3 a T 3 6 + z/ afcc (T 2 c - T 3 C - 4T X C ) + 4*5°*]. (41) 

In the last line we suppressed the indices m and denote T£\ by T®. At first sight this result 
does not satisfy the relation (|37j) . However we can rewrite it to an explicitly symmetric form 
by using the Ward identity ($ h , $ ia , (Tf + T 2 a + T 3 a ) = 0: 

J* x $™ 2 , $™ 3 ) = ~— (®h, [2Tfr/ , +2T 2 6 T 2 a +4T 1 6 r 2 a +T 2 b Tf+2i/ abc (Tf-T 2 c )-4^ 

(42) 

We collect the results of the calculation of cubic terms in appendix [FJ and the terms in the 
action necessary for our calculation are in appendix |C|. 



3 Lump Solutions 

In this section we construct lump solutions and compare their energies with the expected 
values. We denote by [N,M] the truncation that we consider only fields with the level (i.e. 
conformal dimension+1) < iV and retain only the terms with the sum of the levels < M. 

The D2-brane corresponding to the boundary state |J) can be regarded as the bound 
state of (2 J + 1) DO-branes |2T], [19]], and DO-branes are conjectured to be able to vanish into 



the vacuum by tachyon condensation. Therefore one can imagine the process that some of 
the DO-branes forming the D2-brane vanish and the other DO-branes remain. Hence it is 
natural to conjecture that there exist lump solutions on D2-branes which represent n DO- 
branes (n < 2 J + 1). The energy V(T) of a classical configuration T is minus the action: 

V(T) = -S(T) = - 2 (-g 2 S(T)) = 2^M J (~glS(T)) 

9 

= Mjf(T). (43) 

For the solution T vac corresponding to the vacuum, it is conjectured that f(T vauC ) = —1. It can 
be expected that there exist the solutions T n representing n DO-branes (in this sense % ac = %) 
and the difference between V(T n ) and V{T V&C ) is equal to nM : 



V(T n ) = \/(T vac )+nM 

= Mj[f{% &c )+n.^i 



= MjlfiM+n- , S 7 2 £; K I- (ID 

S111 k+2 
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Hence, 

f(%) = f(T vac ) + n ■ -^gf^ = -1 + n ■ -^gf^. (45) 

3111 kT2 8111 feT2 

We denote / and T n calculated in level [N,M] truncation by fl N ' M } and T^ N,M \ and define 
i?f - M l as follows. 

R[N , M] = f^(Xl N ^) m 

n ~ f(T n ) ■ l4bj 
r[n,m] j s a function of k. We will calculate i?|f f ' M l at various values of k and see to what extent 
it is close to 1. 

Note that the configuration given by SU(2) transformation (generated by Jft) of a solution 
is also a solution. For lump solutions, these degrees of freedom correspond to the positions of 
DO-branes. 

We will consider the cases with small J. If J = (i.e. DO-brane) there are no nontrivial 
primary operators and it is impossible to construct lump solution. 

Then we will consider the following two cases. 

• J = 1/2, k > 2 

• J = l,k > 4 

In the first case, primary operators on the D2-brane are $[] an d (If A; = 1 only ${] 

appears.) Their dimensions are h = 0, h\ = This case corresponds to the bound state 
of 2 DO-branes and we expect the existence of the solution T x . 

In the second case, primary operators are $q, $™ and (If k < 3 some of them do 

not appear and this case reduces to the previous one.) Their dimensions are h , h±, h 2 = -j^. 
This case corresponds to the bound state of 3 DO-branes and we expect the existence of the 
solutions Ti and T 2 . 

We calculate the action in level [1,3], [2,6] and [5/2,5]. The actual calculation is done by 
symbolic manipulation program Mathematica. 
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3.1 level [1,3], k — ► oo, J =fixed 

In this case \I/ = \j, m) t J m . The action is 

j?[l,3] j ( — l) m 



2vr 2 2 / (2j + i)[ 2j 



=(/i i - l)ti m tl + -K 3 - h n- h »- h nC 
11 ' 3 



mi TO2 TO3 

h h h 



+31 +32 +33 
mi mi mz ' 



(47) 



First, let us consider the case where k — > oo and J = fixed. In this case it has been shown |T8 



that the structure of fuzzy spheres appears as follows. The spectrum of primary operator is 



j — 0, 1, • • • 2 J and the number of degrees of freedom of P m is 1 + 3 H h (2 • 2 J+ 1) = 

r+ 1) x (2 J + 1). These form a (2 J + 1) x (2 J + 1) matrix t: 

- snr- — » - (48) 



E 



(2 J + 1) x (2 J + 1). These form a (2 J + 1) x (2 J + 1) matrix £: 

(t)mim,2 

and [|S 



2J + 1 



3,mimim 2 5 



(T jim ) mim2 = (-l)' / - m2 A /27+l(J,m 2 , J, -mi | J, J,j, -m) . 

Then the terms in the action are realized as follows. 
1 



(49) 



2J+ 1 
1 



2J+ 1 



tr(ttt) 
tr(tt) 



E 



c 



Jl J2J3,mi, m 2 ,m 3 

c 



mi m,2 ms 
ji h h 



+31 +32 +33 

mi m2 ms ' 



k— >oo 



E 



Ji J2,mi,m 2 



mi m 2 
Ji j 2 



+31 +32 
mi ?7i2 ' 



k— >oo 



Hence, 



1 



-tr 



■-tt + -iT 3 ttt 
2 3 



(50) 



(51) 



2tt 2 2 J + 1 

Note that the form appearing in the trace is the same as the tachyon potential in level (0,0). 
Solutions of the equation of motion —t + K 3 t 2 = for this action can be constructed by 
introducing projection operators as in : 

t = \P, P 2 = P, tiP = (2 J + 1) - n, (52) 

and A is the nontrivial solution of —A + K 3 X 2 = i.e. A = K~ 3 . P 2 = P and trP = 2 J+ 1 — n 
means that if we diagonalize P then 2 J + 1 — n eigenvalues are 1 and n eigenvalues are and 
therefore we can interpret this solution as T^ 1 ' 3 '. The energy of this solution is 

/M (711,3]) 1 



2ix 2 



, -A 2 • -/\ :1 A :1 ) / 
2 J + 1 V 2 3 

1 1 



K- & (2J + 1 



n) 



In this case f(T n ) 



2,1 



2J+ 1 6 

^(2J + 1 - n), and = ^ ~ 0.684616. 



(53) 



In the following we look for the sequences of solutions -R^ 1 ' 3 ^ of which at k — > oo is 0.684616. 
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3.2 level [1,3], J =1/2 



In this case we can easily calculate the action without dropping Jq ^ components: 

Q = -\{tif- k ^ icr+^ 3 (tg) 3 +^=^ 3 " 4/(fc+2) i^] 2 ^- (54) 

27r 2 /c + 2 v /3[3] 3 ^3(3] 

We can easily solve the equations of motion and we find two solutions. One solution cor- 
responds to the closed string vacuum, in which the components corresponding to nontrivial 
primary operators and their descendants vanishes. The other solution is 

+0 _ k K i/(k+2)~3 

" 2(k + 2) 

\tl\ 2 = ,/3[3] - k K^ k+2 ^ (l- n k - K^ k +A , (55) 
1 ml v 1 J 2(fc + 2) \ 2(k + 2) J ' v ; 

which is correspond to T[ . 

/ [1,3l (^"l [1 ' 31 ) _ k2 K 8/(k+2)-6 (_\ , k K i/(k+2)\ /r fi N 

2tt 2 "4(fc + 2)2 A ^ 2 + 6(A; + 2) A J' W 

fl' is shown in figjl]. The value for k — > oo is 0.684616, which agrees with the value expected 
above. The minimum is 0.554151 at k — 3. 



By SU(2) rotation, we can put ^ = 0. Then T(0) = J {2j+1)1/ 7 [2j+lV ,2 (-l) J t J m ^(g) is 
not dependent on 0, and its profile is shown in fig.0. Here we choose t\ positive. (The factor 
V // (2j+i)V 4 2 , [ 2j+ ijT7^(- 1 ) i is present because $f is corresponding to ^/ (2j+1) i/ 4 2 7 |" 2i+ ijT7i(-l) i y j m , 
which is obtained by comparing J ^(-l^'Y^V™ = <%/<W' with ((-l)™'^™'^) = 
5jj'8 mm i y / ( 2j+1 ) / 4 ]. 2j+1 ^ 7 , and referring to (f48|).) It seems that this solution is not well localized. 
But this is not a problem since the radius of S 2 on which the D2-brane is wrapped is ~ 
Vk sin 2j ^- and this has the maximum 2\/~J at k = 8 J. This is sufficiently small for small J. 
Therefore the worldvolume of the D2-brane itself is very small. At any rate we cannot construct 
well localized configuration by using only Y ° = j-, Y® = j- cos# and Y^ 1 = =F^ sm9e ±l9 . 

If we choose the sign of negative, the profile is given by T{it—6). These two configurations 
seem to represent DO-branes at 6 = and tt. 



3.3 level [1,3], J= 1 



In this case we put Jq = components zero. Then 



2tt 2 2 2 a/3[3] 2 + k 2 \/5[5] 2 + k 
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R 

0.68 ■ 




Figure 2: T(0) (level [1,3], J = \) k — 100000000 (solid line), k = 10 (dashed line), k = 2 
(dot-dashed line) 
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1 

3 



+ -^0)3 + ^ = ^3-^ (t )(t l ) 2 + ^ = ^3-^ (t )(t 2 ) 2 



3 [3] 



5[5] 



(57) 



If k = 4, t 2 must be put zero since the dimension of $™ is 1. In the case with k ^ 4, we can 
reduce the equations of motion to quadratic equations, and for k > 6 we can find essentially 

11 31 \1 31 

two solutions which have R[ ' ~ 0.684616 and ir^ ' — 0.684616 at oo respectively. The case 

with k = 4 and 5 is somewhat special, we find only one nontrivial solution, which seems to 

be correspond to if' 31 (i#' 3] = 0.475766 for fc = 4 and #p ] = 0.641119 for fc = 5). We do 

li 31 

not find any solution corresponding to T 2 . 

,[1,3] 



i^ OJ and the profiles of T{6) = yj (2j+1)1 /% j+1] i/2 (-l) j t J m 17(fl) are shown in fig. |,|,|,|. 
The minimum of R [ i' 3] and i??' 31 is 0.623983 at k = 7 and 0.409721 at k = 6 respectively. 



3.4 level [2,6] 



In this case, we can put \l/ = \j, m) P m + Jt x \j, m) + co&_i \j, m) P m . The action is too long 
and it is not illuminating to write it here. Therefore we describe only its salient features. 

P m can be taken to be zero in the Siegel gauge. However their equations of motion may 
give nontrivial constraints The linear term in P m in the action is 



(2j + 1)[2j + 1] 



m Uj m l ' 



(58) 



This term vanishes in our case since (T ? ) m ' ' u a Z, <~- //■ 



33 = as can be seen from the results 
below. Therefore we can put t 3 Q = to satisfy their equations of motion and can adopt Siegel 
gauge condition for looking for lump solutions. 

In this case we cannot expect any improvement at k — > oo comparing with the results of 
level [1,3]. The reason is as follows. The linear term in u ^ is 



3^ 



mi m 2 m 3 

ji h h 



((T a ) m 'sS m 'i - (T a ) m 'i^ m 'At jl , v aj2 t 33 , (59) 



and at k — > oo the most dominant quadratic term in vfy is given from the last term of eq. 



16 

— k ■ K 3 ^ h n^ h ^~ h nC 
27 



mi m2 

ji h 33 



"mi Uj m,2 h m 3 - 



(60) 
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R 



0.68 




Figure 5: T(0) (level [1,3], J 
k — 4 (dot-dashed line) 

0.6 
0.4 
0.2 



Figure 6: T(0) (level [1,3], J = 1, T 2 ) fc = 100000000 (solid line), fc = 10 (dashed line), 
k — 6 (dot-dashed line) 



= 1, 7i) fc = 100000000 (solid line), fc = 10 (dashed line), 




.5- , 2 2.5 3 
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(There is also cubic terms which have coefficients proportional to k. This kind of term 
is generated by the second term of commutation relation @). To let the contribution of 
this term be finite, we rescale u ^ to ^w^. Then the contribution of the linear term in u ^ 
vanishes. Hence we can get the solution by putting zero, and its energy is the same as 
that of level [0,0]. 

We give the values obtained in level [1,3] analysis to P m as the initial values and perform 
the numerical analysis. The results are summarized in the table 1,2 and 3 of Appendix [D[ 
In these tables the rescaling of explained above are explicitly expressed by y/k i.e. in 
these tables are unrescaled ones. 

At large k the value of R is not improved at all, as is expected above. At small k there 
seems to be small improvement. In the case of k = 4 and 5, we do not find any solution 
corresponding to 7^' 1,3 '. Here we can find a solution corresponding to x} 2 '^ for k = 5. 



IJj3 '3 ^ I^j3 3 



3.5 level [5/2,5] 

We do not write the full expression of the action because it is not illuminating. 

Similarly to the case of level [1,3], we can estimate the value of R at k — > oo. We rescale 
the fields as follows so that the most dominant terms in the action give finite contribution. 

Vk 
1 

q j3 3 3 i, n j3 3 3 

k ' 

u jj ' -> -j^ 3 '. (61) 

Then we collect the terms which are finite in the limit k — > oo and they can be represented 
by matrices as has been explained in the previous section. The remaining terms are in fact 
obtained by considering only the second terms of the commutation relation (|3]), which is in 
the same form as that of flat CFT oscillators. Therefore if we put all the components of the 
string field proportional to a projection operators P, the action is equal to 2J 1 +1 VtiP, where 
V is the tachyon potential in level (2,4). V is given in || (in the Siegel gauge) and for the 
vacuum solution it is 0.948553 times the tension of D-brane. Hence we get the lump solutions 
with fl[ 5 /2,5] =0.948553. 
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We look for the sequences of solutions with R^' 5 ^ 2 ^ = 0.948553 at k — > oo. We take the 
Siegel gauge to look for the solutions. The results are shown in table 4,5 and 6 of Appendix 
|B[ We have checked that the matrices fl4"8p become projections at k — > oo for these solutions. 
The profiles of the solutions are almost the same as those of level [1,3]. Therefore we do not 
show them. 



Now we must check the validity of the Siegel gauge condition [TJj. i.e. the equations of 



motion of t 3 , u 3 and u 33 ' . We need only the terms linear in t 3 , v? and u 33 ' . See appendix |C|. 
Then the equations of motion have linear and quadratic terms in the other components. We 
see whether the equations of motion for P , v? and v? 3 are satisfied when we put the numerical 
solutions of table. The result is shown in table 7,8 and 9 of Appendix [D[ For the equations of 
motion of P and u 3 linear terms and quadratic terms cancel each other and the ratios of their 
sums and the linear terms are around 0.2. For the equations of motion of u 33 there seems to 
be no significant cancellation, but the numerical values themselves are in the same order as 
those of P and u 3 , or smaller than them. Indeed there are no linear terms in vP 3 at k — ► oo as 
can be seen by the argument similar to that in the previous section . Therefore each of linear 
and quadratic terms is small in this limit and they do not have to cancel each other. It seems 
that these results support the validity of the Siegel gauge condition. 

3.6 k — ► oo, J = fixed 

We saw in the previous discussion that in the case of J =fixed and k — * oo, the components 
of the string field form (2 J + 1) x (2 J + 1) matrices and the solutions can be constructed by 
introducing projection operators. The accuracy of the mass of these solution is the same as 
that of the closed string vacuum. This is true for arbitrary levels. Indeed, the commutation 
relation is in the same form as that of the flat CFT oscillators in the limit k — > oo, and 
d — > 23. (The size of representation matrices of SU(2) do not get large as k — > oo since J is 
fixed.) Therefore the computation of the coefficients of each terms in the action is completely 
the same as that of the tachyon potential on the flat CFT. The OPE of primary fields yields 
the structure of matrix product. As a result the action is equal to the tachyon potential with 
the components of string field replaced by (2 J + 1) x (2 J + 1) matrices. This situation is the 



same as in the case where constant B-field is present on the flat space [30], [31[ . 
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4 Summary and discussions 



We have constructed lump solutions of D-branes on SU(2) group manifold by level truncation 
approximation. Their energy agree with the expected values with good accuracy It is expected 
that the accuracy is improved if we include higher level terms. We have considered the cases 
J = It is desirable to consider the cases with larger J, though the calculation is more 
cumbersome because the number of primary operators increases. We have seen that in the 
limit k — > oo, J = fixed, the string field can be expressed by matrices, and by taking them 
to be proportional to a projection matrix the action is written as the tachyon potential times 
the trace of the projection matrix. This case can also be treated by effective action p0| |, but 
our method can be used for investigating the case with small k. 

The results show the tendency that the accuracy is improved as k increases. One of the 
reason for this fact is that the dimension of the primary operators decrease and more operators 
must be included for fixed truncation level. Though for small k we do not always obtain very 
high accuracy as that of k — > oo, there seems to be large improvement as we include more 
terms with higher level. In the case of k = 4, J = 1 we cannot find the solution corresponding 
to T 2 . It is expected that we can find the solution if we add higher level terms, as in the case 
of k = 5. 

At present it is not clear in what sense the level truncation is an approximation. Our 
results seem to show it is a meaningful approximation in our case. 

It is interesting to consider lump solutions of D-branes on SU(2) group manifold by BSFT. 
Since the background is curved, it seems to be difficult to obtain exact results as in the case 
of flat background. One of the difficulty is that we must consider too many operators for 
satisfying the equations of motion in contrast to the case of flat background, where we can 
consider only the tachyon field up to quadratic order in coordinates. For the large k case see 



Recently the solutions corresponding to D-branes on arbitrary CFT background in vacuum 



CSFT are constructed in [11]. If the relation between vacuum CSFT and ordinary CSFT 
becomes clear, we can relate them to our solutions and they must agree. 

We have considered the tachyon condensation. But our method can also be applicable to 
the gluon condensation, by which the opposite phenomena to ours happen i.e. many DO-branes 
form D2-branes It is interesting to investigate it by our method. 
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A Quantum 6j-symbol 



The symbol Cjlj 2 (k, J) used in eq.(|J) is defined as follows (e.g. [ j33j] ) 



3i 32 3s 
J J J 



x[ji]! M b' 3 ]! 



x, 



gJ-ji]! [2J-j 2 ]! [2J-j 3 ]! 
\| [2J + 3l + l]\ [2J + j 2 + l]! [2J + J3 + 1]! 



x 



\ 



b'l + 32 - jsV- [32 + 33 - 3iV- [33 + 3i ~ J2]! 



xE(-l)1« + l]!{ - •./,;! 

x[z-j 1 -2J]! [z-j 2 -2J]! [0-j 3 -2J]! 
x [ 3l + j 2 + 2 J - z}\ [j 2 + 33 + 2J-z]\ [73 + Ji + 2 J - (A.l) 



where {•} is the quantum 6j-symbol and the sum J2 z >o is om Y over those z such that the 
arguments of [ • ] are nonnegative. [ • ] is defined as follows. 



where q = exp(^|), and 



[n}\ 
[0]! 



g™/ 2 _ q-n/2 

q i/2 _ q -i/2 ' 



[1] [2] "•[*] 
1. 



(A.2) 



(A.3) 
(A.4) 



Note that the above expression of Cj 3 lt j 2 (k, J) is totally symmetric under the permutations of 
(ji; J2; J3) except the first line. If k — > 00, then [n] — > n and the quantum 6j-symbol becomes 
ordinary 6j- symbol. 
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B Cubic terms 



We collect the cubic terms in the action needed for the calculation. These results are ap- 
plicable to WZW models for general group. We adopt the abbreviation like the last line of 
eq.®). For example, (l, J« 1; l) = ^{If-T?) = ^ <$>f , $™ 3 3 ') (CvCUT^)^?- 

(n^a \ mlrm2 Xrn3 \ 
K 1 (ji))mV m2 ,0 m3') 



ja jb -, 



4 r 
27 



1,^1,1 



3^ 



2T a T b _ 2T b T a + AT b T a + r^j* + 2 if abc {T{ - T{ 



I) 



Ak5 



ab 



(B.l) 
(B.2) 



ja jb jc 



81^/3 



8/b/ a6c + 4/W a6 T 1 c - ^"T-f 



abrpc 



+4k5 bc T£ - 4k5 ab T' + 4k5 ca T b - 4k5 bc T* 

I ^ jbad jcderpe ^ jbcd jdaerpe _|_ ^ jbad jcderpe 

^ jbcd jdaerpe ^ jbad jcderpe _|_ ^ jbcd jdaerpe 

+ Ai fbad T c T d _ ^jcadrpbrpd _ ^bcdrparpd + ^badrpdrpc 

^ fbcdrparpd ^ rcadrpdrpb , rbcdrpdrpa 

J 33 J 33 J 12 

^ rbadrj-idrj-iC ^ I'badrj-iCrj-id , ^ I'Cadrj-ibrj-id ^ I'bcdrj-idrj-ia 

J 12 e/ X 2 'J 12 J 13 

+i jbcd T d T a + 4i jcad T d T b + i pad T d T b + ^badrpcrpd 

-if bad T^T d + 4if bcd T£T d + if cad T b T d 

_^_rparpcrpb rparpbrpc rpcrpbrpa rparpbrpc 

221 331 112 332 

_^_rj-icrj-ibrj-ia r-pbrpCrpa rpdrpCrpb _|_ rpCrpdrpb 

113 123 223 123 



1 T a 1 

-L, <^_2) 1 



-T 2 a 
9 2 



(B.3) 
(B.4) 



J-!, J- 



2- 



1 r 



27 



AT b T a _ AT b T a _ AT a T b + /^pbrpa 



-5if abc T% - 5k5 ab 



81 a/3 



3T 2 b T 3 a - 3T 2 a T 2 fe - mf abc T{ + 16M' 



06 



(B.5) 
(B.6) 



.«^-i> J-.\J-\i 1 



81^/3 



32iA;/ abc + 10M 6c T 3 Q 



10M 6c T 2 a 
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ja jb i 

J —2i ° —2i L 



4 

729 



+32k5 ac T° + 32k5 ab T^ - 32M at T 1 c - 32k5 ac T° 

j g j?bad j?cderpe g j?bad j?cderpe _|_ j?b a d j^cderpe 



_ 8i f badrpcrpd + 8i f badrpcrpd + ^fbadrpdrpc _ gj jbaa , :,l 

_ 8i fCadrpbrpd + 8i fCadrpbrpd _ ^if^T^ 
_ m f badrpcrpd + fbadrpdrpc 



T 2 a T 3 c 



mf bcd T d T% - mf bcd T^T d 



2 ^3 
(cadrpdrpb 



+8if cad T d T b - 8if cad T d T b + 32if cad T?T b 

_ 8T Crpbrpa + 8T crpbrpa _ ^rpbrparpc + ^rpbrparpc 
_ 8T Crparpb + 8T Crparpb _ ^arpcrpb + ^arpcrpb 



-I92k5 ab - 32if bac T% + 32if bac T c z - 96if bac T^ + 9TfT 2 fc 



ffeac 



(B.7) 



(B-8) 



•^_2> J—\J—\i 1) — 



729 



30^^ 



128/W ac T 3 6 



128jW a6 T 3 c + 128fc<J afi T 1 c + 128/^5^ 



-384^/ abc - 296f bad f cde T* - 128f bad f cde T* + 128 f bad f cde T% 

fbadrpdrpc _ m fbadrpdrpc _ ^ f Cadrpdrpb 

+Uif cad T b T d - QAif cad T b T d + QAif bad T^T d - Mif bad T°T d 

_Q Ai fbadrpdrpc + fbadrpdrpc + f badrpcrpd 

+ 3 Qifbcdrparpd _ mf cadrpdrpb _ J Cadrpdrpb + m jCadr V dr V b 



-2AT*T{T\ + 24T 1 a T 1 b T 3 c + 24T 1 a T 1 c T 3 6 - 24T 1 a T 3 c T 3 fe 



(B.9) 



ra to jc \ _ __ 

J -li J -2i J -l ~ ryc^r. 



729 



-12H ac T 2 ft 



16/c5 T 2 a + 16A;5 6c T 3 a - 16M at, T 2 c + 16M 7\ c 
+3if cad T b T d - 3if cad T d T b - mf bad T d T* + 16if bad T^T d 
-12if cad T d T b + 16if bcd T£T d - 16if bcd T d T d 



_ 3T Crparpb + 3T Crpbrpa + ~ 3^^ 



(B.10) 



Full expressions of {J^, J^J^, J d ^ and i^J a : 1 J b _ 1 , JtiJ d iA) are very long. Therefore we 
write the expressions which are reduced to some of the above formulae. 



ra t6 tc tc! 



^M ab (l, J^, J^) + gfoS" (r 1? J^, 1 
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+^ {J% J°-i, J d -i) (T b ~ T?) + §*f bae <1, ^i, ^i) ?T 
+^/ 6de (J!, !, l) T 3 e - (r_ ± , 1, J d _,) Tl (B.ll) 



TO t6 TC yd 1 



_JLfo5«* ( J^J^, 1,1) + ^if»*f*f (j[ 17 J d _,, 1 



3^ 



■^/ cae ( j!, j^, j^, i) - ^=it be (r.r,, j d _,, i 



-1 ry 

+ ^if cae (J-!, J d !, l) T{ + -^-if cbe (r i: J\, l) T{ 



16 
'27 ? 



27 



--;/ cde (JV^, 1,1)7: 



(B.12) 



C The Action 



In this appendix we collect the terms necessary for level [1,3], [2,6] and [5/2,5] calculations. 
So consists of the terms which survive after we take the Siegel gauge condition. S\ consists of 
the linear terms in t,u and u a , which are excluded by Siegel gauge condition, d = 26 — is 
the central charge of X x Y x A4. 

So = l(hj -!)<<£>,$>« 



+-(hj) /y.JV «V 



+-{h 3 + 1) 



J" 2 $, J b _ 2 $) V a V b 

+2 (j° 2 $, Jf. !$) wV c + ( ! J^$, Jfj J^$) w a V d - ($, $) 



+ -(^ + 1) 



_l r J£3—hj 1 —hj 2 —hj 3 



+ =- (J!^, J! x $, Jl ll"A C + ($, $, J! 2 $) ttv a + ($,$, J-l$) ttv 



ra jb 



,ab 



+ ($, J! 2 $) tttV + ($, J^ 2 $, J b _ ± ^) tV a U b 

+ ($, j^r^) tu a v bc + ($, ! j b _^, j c _^) tv ab u c 
+ ( r^, j b _^, j c _ 2 $) u a u b v c + (j! !$, r^Ji^) u a u b v cd 
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+ ($, J° 2 $, J_ 2 $J tV a V° 

+ ($, j fl 2 $, tv a v bc + ($, <T x J-A J! 2 $) tv a V 



-11 ($, $, J^) t/3v a - 11 j- 2 $, $) t ^ 
-11 ($, $, JV-i*) t^ ab - 11 r x J^$, $) 
-^<$,$,$) tt 0- 11 

-11 ($, $, J!^) ft3« a - 11 ($, r^, $) *« a /3 

11 

~27 

5 /128 5 \ 

54 \ ' ' / ^ 729 v 54 ) j \ , , I 

55 55 
+ttt^c' ($, $, $) ft3w + — — c' ($, $, $) iiu/3 



1458 



1458 



-^c' ($, r 2 $, $) ft; a u> - ^c' ($, $, J a 2 $) fttw a 

-—d ($, J^J^fc, $\ - -V ($, $, r ± J b _M twv ab 
54 \ I 54 \ / 



(C.l) 



5i = ($, $) ft/TV 1 ) 

-2 ($, $) u(T°u ) + 2 ( Jl^, J b _^) u a v b 

- (Jl^, J b _^) uv ab + ( J^$, L : JV-i$) u a v bc 

-3 ($,$) 5/3 +($,$) 2 a (T a /3) 

-— ($, $) MW 

32 ~ 32 ~ 



81\/3 



81>/3 
16 



27 
16 



27 



+-(J! 1 $ ) J! 1 $ ) $)«Vfi 
+1^ ($, r 2 <t>, $) + 1^ ( J- 2 <t>, $, $) 
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1 £\ 1 £\ 

16 16 



81^3 



81^3 



40 „ 40 

■— c' ($, $, $) tuw - —c' ($, $, $) ilUU 



(C.2) 



D Numerical data 





k = 2 


k = 3 


k = 4 


k = 5 


k = 6 


k = 10 




0.148148 


0.185509 


0.200773 


0.209003 


0.214017 


0.222462 


t l 


0.320432 


0.365167 


0.381268 


0.388789 


0.392766 


0.397736 


Vku { " 





5.75964 x 10 -1 ' 


-2.03876 X 10 _lv 


-3.67281 x 10 _lv 


-5.11186 X 10 _lv 


4.42203 X 10 _lv 


Vku W 





-0.0369521 


-0.0484596 


-0.0543740 


-0.0575099 


-0.0596719 


Vku^ 




















Jku Vi 





-0.0653227 


-0.0685322 


-0.0672844 


-0.0650648 


-0.0562591 


R^ 


0.579453 


0.601173 


0.614265 


0.624007 


0.631416 


0.648764 




k = 50 


k = 1000 


k = 100000 


k = 100000000 




t" 


0.227971 


0.228099 


0.228089 


0.228089 


t 1 


0.39684 


0.395169 


0.395063 


0.395062 




7.93084 x 10 _ls 


6.65144 X 10 _lb 


2.52803 X 10 _lb 


-6.73216 x 10 -14 


Vku U) 


-0.0382045 


-0.00932628 


-0.000936929 


-0.0000296296 


Vku Ll 














Vku L ' 2 


-0.0286686 


-0.00661447 


-0.000662529 


-0.0000209513 




0.675916 


0.684152 


0.684611 


0.684616 



Table 1: T? fi] and R?' 6] (J = 1/2) 





k = 4 


k = 5 


k = 6 


k = 7 


k = 8 


k = 10 




0.258107 


0.27399 


0.280901 


0.286079 


0.289726 


0.294389 


t 1 


0.360168 


0.352909 


0.349867 


0.346261 


0.343223 


0.338634 


t 2 


-0.158304 


-0.196357 


-0.210897 


-0.221076 


-0.227766 


-0.235527 




-9.72804 X 10 -11 


-9.55096 X 10~ ls 


2.08702 x 10~ ly 


1.83944 x 10~ ly 


1.08632 x 10~ 1K 


1.40400 x 10~ ly 




-2.45936 X 10 _a 


-0.0216722 


-0.0298519 


-0.0344495 


-0.0372043 


-0.0399092 


Vku^ 




















Vku VJ - 


-3.45812 X 10~ a 


-0.0268181 


-0.0337738 


-0.0365391 


-0.0375822 


-0.0376270 


Vku 11 





0.0171184 


0.0249579 


0.0302724 


0.0340421 


0.0387376 


s/ku 1 ' 1 




















Vku 2 ' J 





0.0372721 


0.0458503 


0.0494348 


0.0509581 


0.0513974 




0.67064 


0.656018 


0.648754 


0.648206 


0.649353 


0.652857 




k = 50 


k = 1000 


k — 100000 


k = 100000000 








t u 


0.303815 


0.304131 


0.304119 


0.304119 






t l 


0.324627 


0.322641 


0.322567 


0.322567 






i 1 


-0.243488 


-0.240632 


-0.240429 


-0.240427 








-4.04713 X 10~ ly 


-8.12139 X 10 _ly 


1.79546 X 10 _1& 


-1.37752 x 10~ lb 






Vku W 


-0.0299926 


-0.00759889 


-0.000764983 


-0.0000241925 






■Jku^ 


















sfku Vi 


-0.0225064 


-0.00538937 


-0.000540939 


-0.0000171067 






sfku 11 


0.0351798 


0.00928736 


0.000936888 


0.0000296296 
























Vku 2 * 


0.0317163 


0.00762109 


0.000765006 


0.0000241925 








0.676028 


0.684152 


0.684611 


0.684616 







Table 2: T} 2 ' 6] and R [ ? fi] (J = 1) 
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k = 4 


k = 5 


k = 6 


k = 7 


k = 8 


k = 10 


t u 




0.0816382 


0.102873 


0.115138 


0.123276 


0.133189 


t 1 




0.161194 


0.230157 


0.258811 


0.27566 


0.29424 


i l 




L 0.288496 


0.283243 


0.279293 


0.2752 


0.268238 


Vku^ 




-2.92522 x 10 -1 ' 


1.52745 x 10 -1 ' 


3.35243 x 10 _1 ° 


-3.21793 X lO" 1 " 


-1.54667 x 10 -1 ' 


Vku W 




-0.0906831 


-0.0861704 


-0.0844246 


-0.0827142 


-0.0794370 


Vku^ 



















s/ku 1 ' 1 




-0.112214 


-0.0974907 


-0.0895457 


-0.0835540 


-0.0748938 


Vku^ 




-0.00399811 


-0.00923793 


-0.0125176 


-0.0147493 


-0.0174074 


s/ku 1 ' 1 



















Vku" 




-0.00870517 


-0.0169712 


-0.0204412 


-0.0220783 


-0.0230962 






0.460292 


0.563618 


0.589081 


0.603074 


0.619284 




k = 50 


k = 1000 


k = 100000 


k = 100000000 




t u 


0.151627 


0.152091 


0.15206 


0.152059 


t 1 


0.322597 


0.322644 


0.322567 


0.322567 


t 2 


0.244549 


0.240599 


0.240429 


0.240427 


s/ku Ui 


4.16731 x 10 -1 ' 


7.71083 x 10" 10 


-2.70688 X 10 _1;> 


-1.03728 x 10~ 1D 


^ku W 


-0.0475205 


-0.0115869 


-0.00116351 


-0.0000570216 


Vku Ll 














s/ku 1 ' 1 


-0.0356593 


-0.00821778 


-0.000822749 


-0.0000403204 


Vku" 


-0.0165016 


-0.00443557 


-0.000448828 


0.0000105777 


s/ku 1 ' 1 














Vku" 


-0.0148770 


-0.00363978 


-0.000366486 


8.63666 X 10~" 


4 2 ' e| 


0.668068 


0.683691 


0.684607 


0.684616 



Table 3: T 2 [2,6] and R [ ^ ] (J = 1) 
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fc = 2 


k = 3 


k = 4 


k = 5 


k = 6 


k = 7 


k = 8 


k = 9 


k = 10 




0.182129 


0.225759 


0.242631 


0.251724 


0.25716 


0.260658 


0.263032 


0.26471 


0.265934 


t 1 


0.36068 


0.426136 


0.445349 


0.454849 


0.460191 


0.46345 


0.465557 


0.466977 


0.467967 


Vku {) - L 





0.0124587 


0.00358094 


0.00187705 


0.00120394 


0.00085194 


0.000638823 


0.000497805 


0.000399083 







-0.0362956 


-0.057079 


-0.0655588 


-0.0697306 


-0.0717213 


-0.0724835 


-0.0725181 


-0.0721097 


— Ti — r~r — 

VKU ' 





























\J KU ' 





-0.0934329 


-0.0890626 


-0.085463 


-0.0816555 


-0.0780169 


-0.0746705 


-0.0716331 


-0.0688848 


V feu ' 





























x/fcV'" 




























V fcu 




-0.0416215 


-0.0373648 


-0.0378112 


-0.0383651 


-0.0386618 


-0.0387178 


-0.0385935 


-0.0383426 


V fcu 




























k.,lM,U 

Ki; ' ' 


-0.0032832 


-0.00588747 


-0.0101722 


-0.012695 


-0.0144098 


-0.0156477 


-0.016579 


-0.0173019 


-0.0178773 































kv U ' L -' 2 


0.015965 


0.0106885 


0.00825364 


0.0066016 


0.00549079 


0.00469881 


0.00410654 


0.003647 


0.00327999 


fc„l.U.l 




-0.048801 


-0.0385105 


-0.0395883 


-0.0422954 


-0.0452372 


-0.0480562 


-0.0506541 


-0.0530145 


feu 1 ' 1 '" 




























fc„M,l 




0.0485517 


0.038505 


0.0393737 


0.0418666 


0.0446333 


0.0473165 


0.0498103 


0.0520912 






























kv L '' 2 ' L 




0.0312945 


0.0247845 


0.025381 


0.0270238 


0.0288359 


0.0305873 


0.032211 


0.0336933 


kv 1 '' 2 -' 2 




























kv 1 '' 2 ^ 




0.00641082 


0.0067976 


0.0065752 


0.00613662 


0.00567264 


0.00523985 


0.0048518 


0.00450837 


P 


-0.06644 


-0.0776835 


-0.0825814 


-0.085021 


-0.0863635 


-0.0871489 


-0.0876249 


-0.0879181 


-0.0880984 


fi 1 

P 




-0.0609899 


-0.0736911 


-0.083145 


-0.0904823 


-0.0963519 


-0.101159 


-0.10517 


-0.108569 


id" 


0.0252397 


0.0263729 


0.0274827 


0.0279216 


0.0280881 


0.02813 


0.028111 


0.0280617 


0.0279978 






0.0186859 


0.0223821 


0.025152 


0.0273088 


0.0290367 


0.0304532 


0.0316362 


0.0326396 


l 


0.751672 


0.821284 


0.838754 


0.853024 


0.864079 


0.872784 


0.879797 


0.885567 


0.890403 




k = 50 


k = 1000 


k = 100000 


k = 100000000 




t u 


0.27083 


0.270809 


0.270796 


0.270795 


t 1 


0.470276 


0.469119 


0.469032 


0.469031 




0.0000116695 


7.84482 x 10~ a 


6.93279 x 10 -14 


4.38356 X 10 - '' 


VW' U 


-0.0445576 


-0.0106754 


-0.00107121 


-0.0000334374 


— 7T — n — 

Vku ' 
















-0.0334611 


-0.00757131 


-0.000757483 


-0.0000245737 


v/fcu 11 . 1 














x/feu 1 ' 11 
















-0.0249031 


-0.00614266 


-0.00061746 


-0.0000195268 


















-0.0217152 


-0.0224384 


-0.0224725 


-0.0224728 
















kv U - 1 -' 2 


0.00064918 


0.0000321639 


3.21426 X 10~' 


3.35187 x 10~ lu 


kv L -"- L 


-0.0801125 


-0.0902368 


-0.0908171 


-0.0908230 


















0.078991 


0.0892917 


0.0898854 


0.0898914 


kv 1 - 1 ' 2 














kv 1 - 2 - 1 


0.0510425 


0.0576411 


0.0580209 


0.580248 


kv 1 ' 2 - 2 














kv 1 ' 2 ^ 


0.00111353 


0.0000581099 


5.82313 X 10~ ' 


5.91053 x 10 _lu 


f3 U 


-0.0874818 


-0.0866824 


-0.0866323 


-0.0866318 


L 


-0.139739 


-0.149504 


-0.150045 


-0.150051 




0.0266379 


0.0259881 


0.0259497 


0.0259494 


w 1 


0.0418775 


0.0447829 


0.044944 


0.0449456 


R L5/2,5] 


0.93371 


0.947746 


0.948545 


0.948553 



Table 4: and Rf /2 ' 5] (J = 1/2) 
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fc = 4 


fc = 5 


fc = 6 


fc = 7 


fc = 8 


fc = 9 


fc = 10 


t u 


0.314788 


0.331704 


0.338216 


0.343281 


0.346835 


0.349408 


0.351321 


i 1 


0.41735 


0.409288 


0.407187 


0.404102 


0.401494 


0.399346 


0.397583 


t 2 


-0.184485 


-0.225581 


-0.239889 


-0.249824 


-0.256177 


-0.260388 


-0.263254 




1.02888 x 10~ 1D 


0.000889899 


0.000605516 


0.000407051 


0.000286384 


0.000210621 


0.000160798 


Vku L -" 


1.08749 x 10~ lb 


-0.0252814 


-0.0350701 


-0.0406004 


-0.0439127 


-0.0459348 


-0.0471537 

























Vk^' 1 


-1.55042 x 10 _lb 


-0.0338029 


-0.0413802 


-0.0442018 


-0.0451556 


-0.0452445 


-0.0449002 




-5.77304 x 10~ 1B 


0.0211377 


0.0308004 


0.0372146 


0.0416885 


0.0448659 


0.0471382 


■Jku 2 ' 2 























Vku' 2 -* 


7.13522 x 10~ 10 


0.0479757 


0.0578942 


0.0616537 


0.0630256 


0.0632565 


0.0628917 


v/fcV 1 ' 1 








i. | 





































VfcV* 1 


-0.0417624 


-0.0362672 


-0.0336249 


-0.0319554 


-0.0307608 


-0.0298178 


-0.0290239 


Vkv 1 ' 2 























VfcV' 1 
















Vkv 2 ' 2 


































-0.01387752 


-0.0172971 


-0.0194408 


-0.021064 


-0.022311 


-0.0232982 


-0.0240986 


fc^' 1 ' 1 























kv U -^' 2 


0.00899444 


0.00757175 


0.00645066 


0.00563377 


0.00500638 


0.00450982 


0.00410681 




-0.068786 


-0.0607325 


-0.0568655 


-0.0548976 


-0.0539287 


-0.0534971 


-0.0533688 


kv L -^ U 























kv 1 - 1 - 1 


0.069336 


0.0623375 


0.0586612 


0.0566855 


0.0556311 


0.0550894 


0.0548466 


kv 1 -^' 2 























kv L - 2 - L 


0.0445292 


0.0398361 


0.0374356 


0.0361654 


0.0355021 


0.0351731 


0.0350373 


kv L - 2 ' 2 























kv^' 2 'i 


-0.0123896 


-0.0088196 


-0.00622704 


-0.00462895 


-0.00357675 


-0.0028504 


-0.00232872 


kv 2 -^ U 
















kv 2 - 1 - 1 
















kv 2 - 1 - 2 
















kv 2 ' 2 - 1 
















kv 2 ' 2 ' 2 
















kv' 2 ' 2 ^ 
















kv s ">- s 
















fc^' a ' a 
















kv 2 ^^ 
















0" 


-0.105789 


-0.110894 


-0.112718 


-0.114132 


-0.115101 


-0.115783 


— 0.116275 


/3 1 


-0.0669474 


-0.0721441 


-0.0770841 


-0.0807792 


-0.0837999 


-0.0863316 


-0.0884924 


a' 1 


















0.0346485 


0.0359941 


0.0363952 


0.0367119 


0.0369176 


0.0370535 


0.0371441 




0.0188242 


0.0199966 


0.0212771 


0.0222087 


0.0229717 


0.0236128 


0.0241617 


w ' 2 
















H L5/2,SJ 


0.933395 


0.908232 


0.894435 


0.891439 


0.891457 


0.892623 


0.894206 
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fc = 12 


fc = 14 


fc = 17 


fc = 50 


fc = 1000 


fc = 100000 


fc = 100000000 


t" 


0.355306 


0.357005 


0.358529 


0.361078 


0.361079 


0.361061 


0.361061 


t 1 


0.393787 


0.391735 


0.389663 


0.384585 


0.383032 


0.382963 


0.382962 


t 2 


-0.278162 


-0.281215 


-0.283798 


-0.286995 


-0.285579 


-0.285445 


-0.285443 




0.000138589 


0.000111494 


0.0000830053 


0.0000109995 


9.38782 x 10 _a 


1.00141 x 10 -13 


2.95267 x 10~ M 


Vku'- U 


-0.0493389 


-0.0493019 


-0.0483803 


-0.0353295 


-0.00870582 


-0.000874628 


-0.0000276233 


v'fcV- 1 























Vku 1 -' 2 


-0.0447839 


-0.0432117 


-0.0408498 


-0.0265403 


-0.00617445 


-0.000618474 


-0.0000196093 


Vku 2 ^ 


0.0515573 


0.0528416 


0.0532301 


0.0418617 


0.0106457 


0.00107118 


0.0000338463 


Vku 2 - 2 























Vku' 2 -* 


0.0634499 


0.0613673 


0.0581311 


0.0377635 


0.00873577 


0.000874658 


0.0000276956 
















































Vkv 1 - 1 


-0.0304986 


-0.0295192 


-0.0282152 


-0.019975 


-0.00500974 


-0.000504147 


-0.0000159482 

























TfcV' 1 























Vkv 2 '' 2 


0.0197379 


0.0215403 


0.0231784 


0.0224966 


0.00642606 


0.000650809 


0.0000205775 



























-0.0247824 


-0.0255961 


-0.0264488 


-0.0289154 


-0.0299178 


-0.0299633 


-0.0299637 


kv"- 1 ' 1 























kv^' 2 


0.00345395 


0.00298358 


0.00247767 


0.000860433 


0.0000428906 


4.28569 X 10 - '' 


4.28666 X 10 _lu 




-0.0561326 


-0.0570219 


-0.058401 


-0.0665359 


-0.0736984 


-0.0741519 


-0.0741946 


kv L -^ U 























fc!, 1 ' 1 . 1 


0.0574638 


0.0581291 


0.0592386 


0.0663568 


0.0729662 


0.0733916 


0.0734289 


kv 1 - 1 ' 2 























kv 1 ' 2 - 1 


0.0367481 


0.0372163 


0.0379787 


0.0427422 


0.0470952 


0.0473741 


0.0474194 


kv L - 2 ' 2 























kv^' 2 'i 


-0.00117633 


-0.000764075 


-0.000410992 


0.000105204 


0.0000119647 


1.23327 x 10~ ' 


1.25443 x 10~ lu 


kv 2 -^ U 


-0.00106331 


-0.00127834 


-0.00143850 


-0.00108355 


-0.0000752970 


-7.65221 x 10~ ' 


-7.62379 X 10 -lu 


kv 2 - 1 - 1 























kv' 2 -'-' 2 


0.0185435 


0.0249567 


0.0332872 


0.0730424 


0.104021 


0.105919 


0.105885 


kv' 1 ' 1 ^ 























kv' 2 - 2 ' 2 


-0.00888098 


-0.0122799 


-0.0166614 


-0.0374381 


-0.0536953 


-0.0546959 


-0.0546833 


kv 2 - 2 ^ 























kv' 2 ^' 2 


-0.0137015 


-0.0186574 


-0.0250729 


-0.0556006 


-0.0794333 


-0.0808965 


-0.0808575 


kv 2 ^^ 























kv 2 ^^ 


-0.00632142 


-0.00589583 


-0.00527583 


-0.00223821 


-0.000122223 


-1.22723 x 10 - " 


-1.23027 x 10~ a 




-0.116649 


-0.116923 


-0.11709 


-0.116564 


-0.115576 


-0.115510 


-0.115509 




-0.0934840 


-0.0964424 


-0.0998803 


-0.113246 


-0.122002 


-0.122511 


-0.122516 


/3' 2 


0.0378906 


0.043247 


0.0495507 


0.0742366 


0.0903689 


0.0913084 


0.0913180 




0.0365577 


0.0364844 


0.0363524 


0.0354623 


0.0346507 


0.0345997 


0.0345991 




0.0267857 


0.0277387 


0.0288614 


0.0333927 


0.0365112 


0.0366961 


0.0366979 


w ' 2 


-0.0119448 


-0.0135931 


-0.0154986 


-0.0226491 


-0.0270963 


-0.0273504 


-0.0273530 


R L5/2,5] 


0.904861 


0.908966 


0.913995 


0.934266 


0.947748 


0.948545 


0.948553 



Table 5: and R [ ^ ] (J = 1) 
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fc = 4 


fc = 5 


k = 6 


k = 7 


k = 8 


k = 9 


k = 10 


t u 




0.108574 


0.130853 


0.143935 


0.152574 


0.158614 


0.163012 


t 1 




0.216655 


0.282623 


0.311856 


0.329479 


0.341154 


0.34935 


t 1 




0.306499 


0.30633 


0.305413 


0.303459 


0.301319 


0.299306 






-0.0000180229 


0.000129681 


0.000184364 


0.000191436 


0.000180074 


0.000162688 


Vku^ U 




-0.114929 


-0.108674 


-0.106245 


-0.103925 


-0.101672 


-0.0994938 


Vku 1 - 1 






















Vku 1 ' 2 




-0.142204 


-0.123077 


-0.112891 


-0.105201 


-0.0990687 


-0.0940038 


Vku 2 - 1 




-0.00429864 


-0.0104174 


-0.0143277 


-0.0170257 


-0.0189278 


-0.0202891 


Vku 2 - 2 






















Vku 2 '* 




-0.00933469 


-0.0193081 


-0.0236304 


-0.0257211 


-0.0267095 


-0.0271114 
























Vkv l - U 






















Vkv 1 - 1 




-0.0166421 


-0.0234621 


-0.0269938 


-0.0291172 


-0.030423 


-0.0312168 


Vkv 1 - 2 






















Vkv 2 ' 1 
















Vkv' 2 '' 2 
















s/kv 2 -* 
















kv U ^- U 




0.00174226 


-0.00215824 


-0.00455361 


-0.00627619 


-0.00757253 


-0.00858088 




























0.0119636 


0.00937116 


0.00786394 


0.00678458 


0.00597277 


0.00533992 






-0.0136868 


-0.0208768 


-0.0261862 


-0.030628 


-0.0344043 


-0.0376524 
























kv 1 - 1 ' 1 




0.0116287 


0.0186019 


0.0239239 


0.0283927 


0.0321994 


0.0354798 


kv 1 - 1 ' 2 






















kv 1 - 2 - 1 




0.00785285 


0.0123799 


0.0158031 


0.0186746 


0.0211193 


0.023225 


kv 1 - 2 ' 2 






















kv 1 ' 2 -* 




0.00730255 


0.00831474 


0.00805819 


0.00756586 


0.00704831 


0.00656395 


kv' 2 - 1 -" 
















kv 2 - 1 - 1 
















kv 2 - 1 ' 2 
















kv 2 - 2 - 1 
















kv' 2 ' 2 -' 2 
















kv 2 ' 2 ^ 
















kV l ' i '' J - 
















kv 2 '^ 
















kv' 2 ^' 4 




















-0.0399187 


-0.0468744 


-0.0508617 


-0.0534163 


-0.0551511 


-0.0563783 






-0.0428108 


-0.0593731 


-0.0688178 


-0.0756665 


-0.0809683 


-0.0852303 


P 2 




















0.0152634 


0.0170702 


0.0180734 


0.0186733 


0.0190507 


0.0192958 






0.0147015 


0.0199323 


0.0227881 


0.0248318 


0.0264046 


0.0276651 


w ' 2 
















„[5/2,5j 




0.697985 


0.787555 


0.809146 


0.822861 


0.833042 


0.841123 
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fc = 12 


fc = 14 


fc = 17 


fc = 50 


fc = 1000 


fc = lOOOOO 


fc = lOOOOOOOO 


t" 


0.169426 


0.172746 


0.175698 


0.180675 


0.180581 


0.180531 


0.180530 


t 1 


0.361366 


0.367315 


0.372586 


0.382136 


0.382989 


0.382963 


0.382962 


t 2 


0.295594 


0.293978 


0.292218 


0.287398 


0.285544 


0.285444 


0.285443 




0.000220801 


0.000176212 


0.000128004 


0.0000149582 


1.19311 x 10~ M 


1.12789 X 10~ 1J 


-1.44719 X 10~ s 




-0.100828 


-0.0967899 


-0.0914015 


-0.0606565 


-0.0144187 


-0.00144609 


-0.0000457406 


s/fcV' 1 























Vku 1 -' 2 


-0.0910103 


-0.0844522 


-0.0769076 


-0.0455348 


-0.0102262 


-0.00102257 


-0.0000323221 


Vku 2 ^ 


-0.0174166 


-0.0180781 


-0.0183917 


-0.0146409 


-0.00369371 


-0.000371329 


-0.0000117476 


Vku 2 -' 2 























Vku' 2 -* 


-0.0216297 


-0.0211472 


-0.0201924 


-0.0132189 


-0.00303102 


-0.000303204 


-9.58324 x 10 _b 


v/fcV 1 ' 1 














































Vfci, 1 ' 1 


-0.0289082 


-0.0288156 


-0.0282087 


-0.0204471 


-0.00501921 


-0.000504157 


-0.0000159397 


Vkv 1 ' 2 























TfcV' 1 























Vkv 2 ' 2 


-0.024225 


-0.0251935 


-0.0259052 


-0.0228624 


-0.00642731 


-0.000650811 


-0.0000205863 



























-0.0093589 


-0.0103545 


-0.0113574 


-0.0140093 


-0.0149428 


-0.0149815 


-0.0149819 

























kv^' 2 


0.00466621 


0.00396889 


0.00324558 


0.00108347 


0.0000532027 


5.31205 x 10 _ ' 


5.31116 X 10 _lu 




-0.0414168 


-0.0451461 


-0.0494101 


-0.0648339 


-0.0736724 


-0.0741517 


-0.0741255 

























fc* 1 . 1 . 1 


0.0389862 


0.0428163 


0.0472180 


0.0633867 


0.0728707 


0.0733907 


0.0733690 


kv 1 - 1 -' 2 























kv 1 - 2 - 1 


0.025528 


0.0279752 


0.0307837 


0.0410573 


0.0470461 


0.0473736 


0.0473422 


kv 1 -' 2 -' 2 























kv^' 2 ^ 


0.0053121 


0.0046877 


0.0039728 


0.00145488 


0.0000742872 


7.43245 X 10 _ ' 


7.42587 X 10 _lu 


kv 2 -^ U 


-0.00459930 


-0.00424815 


-0.00380153 


-0.00172786 


-0.000101270 


-1.02111 x 10 _D 


-1.02082 x 10~ a 


kv' 2 -'- 1 























kv 2 - L < 2 


-0.0334439 


-0.0390379 


-0.0459434 


-0.0779293 


-0.104242 


-0.105921 


-0.105969 


kv' 2 -' 2 -' 























kv' 1 ' 1 ' 2 


0.0107035 


0.0140437 


0.0181942 


0.0376032 


0.0536692 


0.0546957 


0.0547196 


kv' 2 ' 2 ^ 























kv' 2 ^' 2 


0.0211825 


0.0257547 


0.0314171 


0.0577668 


0.0795089 


0.0808974 


0.0809434 


kv 2 -^ 























kv 2 ^^ 


0.00118433 


0.00113442 


0.00104673 


0.00049862 


0.0000293805 


2.96340 x 10"' 


2.96127 x 10~ lu 




-0.0575724 


-0.0583195 


-0.0588883 


-0.0589482 


-0.0578371 


-0.0577554 


-0.0577546 




-0.090402 


-0.0947988 


-0.0995262 


-0.114572 


-0.122119 


-0.122512 


-0.122519 


I3' 2 


-0.0379856 


-0.0429174 


-0.0487671 


-0.072916 


-0.0902554 


-0.0913073 


-0.0913180 




0.0191403 


0.0191689 


0.0191142 


0.0182665 


0.0173586 


0.0173002 


0.0172996 




0.0285543 


0.029739 


0.0309979 


0.0348483 


0.0366107 


0.0366971 


0.0366979 


w ' 2 


0.0103462 


0.0119149 


0.0137721 


0.0214459 


0.0270102 


0.0273496 


0.0273530 


H LB/S,B] 


0.861307 


0.870218 


0.88037 


0.919601 


0.946874 


0.948536 


0.948553 



Table 6: T 2 [5/2 ' 5] and R [ * /2 > 5] (J = 1) 
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k = 2 


k = 3 


k = 4 


k = 5 


k = 6 


k = 7 


k = 8 




t° 


linear 























quadratic 























t 1 


linear 























quadratic 


(J 




















u° 


linear 


— 0. 115553 


— 0.096259 


-0.0996669 


-0.0999901 


-0.0994142 


-0.0985275 


-0.0975507 


quadratic 


U.UoUlz I 1 


.0 / 6UU34 


0.0774179 


0.0773437 


0.0767866 


0.0760797 


0.075348 


sum 


-0.0354259 


-0.0202556 


-0.022249 


-0.0226464 


-0.0226276 


-0.0224478 


-0.0222027 


sum/linear 


0.306577 


0.210428 


0.223234 


0.226486 


0.227609 


0.227833 


0.227602 


u 1 


linear 




-0.0449295 


-0.0409692 


-0.040177 


-0.0399862 


-0.0399995 


-0.040098 


quadratic 




0.0328215 


0.0327684 


0.032912 


0.0330957 


0.0332766 


0.0334437 


sum 




-0.012108 


-0.0082008 


-0.007265 


-0.0068905 


-0.0067229 


-0.0066543 


sum/linear 




0.269489 


0.20017 


0.180825 


0.172322 


0.168075 


0.165951 




linear 























quadratic 























Vku 1 '" 


linear 






















quadratic 






















Vku 1 - 1 


linear 




0.00395757 


0.00316496 


0.00326707 


0.00337508 


0.00344044 


0.00347031 


quadratic 




-0.00223712 


-0.00176369 


-0.00143251 


-0.0011936 


-0.00101502 


-0.000877389 


Vku 1 ' 2 


linear 






















quadratic 


























k = 9 


k = 10 


k = 50 


k = 1000 


k = 100000 


fe = 100000000 


t° 


linear 




















quadratic 




















t 1 


linear 




















quadratic 




















u° 


linear 


-0.0965762 


-0.0956433 


-0.0830391 


-0.0777582 


-0.0774489 


-0.0774462 


quadratic 


0.0746406 


0.0739763 


0.065545 


0.0621793 


0.0619843 


0.0619821 


sum 


-0.0219356 


-0.021667 


-0.0174941 


-0.0155789 


-0.0154646 


-0.0154641 


sum/linear 


0.227133 


0.22654 


0.210673 


0.200351 


0.199675 


0.199675 


u 1 


linear 


-0.0402346 


-0.040387 


-0.0432225 


-0.0446278 


-0.0447131 


-0.0447136 


quadratic 


0.0335948 


0.0337304 


0.0352303 


0.035756 


0.0357852 


0.0357854 


sum 


-0.0066398 


-0.0066566 


-0.0079922 


-0.0088718 


-0.0089279 


-0.0089282 


sum/linear 


0.165027 


0.16482 


0.184908 


0.198795 


0.199671 


0.199675 


Vku - 


linear 




















quadratic 




















Vku 1 ' 


linear 




















quadratic 




















Vku 1 - 1 


linear 


0.0034751 


0.0001095 


0.00222367 


0.000537711 


0.000053975 


1.70688 X 10~ 6 


quadratic 


-0.0007686 


-0.00068081 


-0.0000830692 


-1.01643 x 10~° 


-9.95555 x 10 _±u 


-3.22551 x 10 _1 * 


Vku 1 ' 2 


linear 




















quadratic 





















Table 7: The values of the equations of motion of t, u and u a for 7^ ( J = 1/2) 
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k = 4 


k = 5 


k = 6 


k = 7 


k = 8 


k = 9 


k = 10 




t° 


linear 























quadratic 























t 1 


linear 























quadratic 























'? 


linear 























quadratic 























u° 


linear 


-0.122452 


-0.126636 


-0.127711 


-0.128512 


-0.128968 


-0.129225 


-0.129358 


quadratic 


0.0953565 


0.0973952 


0.097417 


0.0974845 


0.0974351 


0.0973243 


0.0971819 




-0.0270955 


-0.0292408 


-0.030294 


-0.0310275 


-0.0315329 


-0.0319007 


-0.0321761 


sum/linear 


0.221274 


0.230904 


0.237207 


0.241437 


0.244502 


0.246862 


0.248737 


u 1 


linear 


-0.0343375 


-0.0297219 


-0.0277301 


-0.0263031 


-0.0252966 


-0.0245495 


-0.0239751 


— q "m" t " : — 


0.0201982 


0.0194408 


0.0178695 


0.0173807 


0.0169976 


0.0221006 


0.0219371 




— 0.0141393 


— 0.010281 1 


— 0.0098606 


— 0.0089224 


— 0.008299 


— 0.0024489 


— 0.002038 


sum/linear 


0.411774 


0.34591 


0.355592 


0.339215 


0.328068 


0.0997536 


0.0850049 


u 2 


linear 
















quadratic 
















Vku - 1 


linear 























quadratic 























Vku 1 - 


linear 























quadratic 























Vku 1 - 1 


linear 


-0.00108766 


-0.0013597 


-0.00123209 


-0.000999576 


—0.000786557 


-0.00060636 


-0.000457082 


quadratic 


-0.0021537 


-0.00173246 


-0.00143638 


-0.00122214 


-0.00106054 


-0.00008257 


-0.000011728 


Vku 1 - 2 


linear 























quadratic 























Vku 2 - 1 


linear 
















quadratic 
















Vku 2 - 2 


linear 
















quadratic 
















Vku 2 ' 3 


linear 
















quadratic 




















k = 12 


k = 14 


k = 17 


k = 50 


k = 1000 


k = 100000 


k = 100000000 


t° 


linear 























quadratic 























t 1 


linear 























quadratic 























'? 


linear 























quadratic 























u° 


linear 


-0.124279 


-0.119976 


-0.118333 


-0.110253 


-0.103677 


-0.103266 


-0.103262 


quadratic 


0.0939498 


0.0936305 


0.0925177 


0.0871328 


0.0829048 


0.0826455 


0.0826428 


sum 


-0.0303292 


-0.0263455 


-0.0258153 


-0.0231202 


-0.0207722 


-0.0206205 


-0.0206192 


sum/linear 


0.244041 


0.21959 


0.218158 


0.209701 


0.200355 


0.199683 


0.199678 


u 1 


linear 


-0.0307889 


-0.0300733 


-0.0304782 


-0.033354 


-0.0363096 


-0.0365065 


-0.0365085 


quadratic 


0.0243392 


0.0248842 


0.0252412 


0.0272825 


0.0291017 


0.0292175 


0.0292186 


sum 


-0.0064497 


-0.0051891 


-0.005237 


-0.0060715 


-0.0072079 


-0.007289 


-0.0072899 


sum /linear 


0.209481 


0.172548 


0.171828 


0.182032 


0.198512 


0.199663 


0.199677 


u 2 


linear 


0.0119620 


0.0127145 


0.0133954 


0.0153322 


0.0162758 


0.0163266 


0.0163271 


quadratic 


-0.0122473 


-0.0129385 


-0.011892 


-0.0130049 


-0.0130764 


-0.0130671 


-0.013067 


sum 


-0.0002853 


-0.000224 


0.0015034 


0.0023273 


0.0031994 


0.0032595 


0.0032601 


sum/linear 


-0.0238505 


-0.0176177 


0.112233 


0.151792 


0.196574 


0.199644 


0.199674 


Vku - 1 


linear 























quadratic 























Vku 1 - 


linear 























quadratic 























Vku 1 - 1 


linear 


0.00236956 


0.00144474 


0.00159835 


0.0015727 


0.000436163 


0.000044067 


1.39366 X 10~ 6 


quadratic 


-0.000292312 


-0.000235668 


-0.000180359 


-0.0000377101 


-4.22556 x 10~' 


-4.22259 x 10~ lu 


-1.33525 X lO" 1 * 


Vku 1 - 2 


linear 























quadratic 























Vku 2 - 1 


linear 























quadratic 























Vku 2 - 2 


linear 


-0.00234631 


-0.00180218 


-0.00178822 


-0.00135708 


-0.000339651 


-0.0000341358 


-1.07953 x 10~ 6 


quadratic 


0.000918385 


0.000782397 


0.000634075 


0.000168119 


2.23462 x 10~ D 


2.25649 x 10 _a 


7.13634 x 10 -1 * 


Vku 2 - 3 


linear 























quadratic 
























Table 8: The values of the equations of motion of t, u and u a for ' ( J = 1) 
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k = 4 


fc = 5 


k = 6 


fc = 7 


fc = 8 


fc = 9 


fc = 10 




t° 


linear 






















quadratic 






















t 1 


linear 






















quadratic 






















'? 


linear 






















quadratic 






















u° 


linear 




-0.0592968 


-0.0658236 


-0.0691706 


-0.0709667 


-0.0719414 


-0.0724533 


quadratic 




0.0479373 


0.0522838 


0.0544314 


0.0555162 


0.0560578 


0.0563016 






-0.0113595 


-0.0135398 


-0.0147392 


-0.0154505 


-0.0158836 


-0.0161517 


sum/linear 




0. 19157 


0.205698 


0.213085 


0.217715 


0.220785 


0.222926 


u 1 


linear 




-0.0269091 


-0.03365 


-0.0363017 


-0.0378647 


-0.03892 


-0.0396928 


— qU smn tlC — 




0.0277842 


0.0337662 


0.0361454 


0.0375423 


0.0317393 


0.0322759 






0.0008751 


0.0001162 


— 0.0001563 


— 0.0003224 


— 0.0071807 


— 0.0074169 


sum/linear 




-0.0325206 


-0.00345319 


0.00430558 


0.00851453 


0.184499 


0.186858 


u 2 


linear 
















quadratic 
















Vku - 1 


linear 






















quadratic 






















Vku 1 - 


linear 






















quadratic 






















Vku 1 - 1 


linear 




0.000771072 


0.00222674 


0.00311876 


0.00363842 


0.00395313 


0.0041485 


quadratic 




-0.000322998 


-0.000396918 


-0.000395812 


-0.000374473 


-0.00127216 


-0.00122043 


Vku 1 - 2 


linear 






















quadratic 






















Vku 2 - 1 


linear 
















quadratic 
















Vku 2 - 2 


linear 
















quadratic 
















Vku 2 ' 3 


linear 
















quadratic 




















fc = 12 


fc = 14 


fc = 17 


fc = 50 


fc = 1000 


fc = 100000 


fc = 100000000 


t° 


linear 























quadratic 























t 1 


linear 























quadratic 























'? 


linear 























quadratic 























u° 


linear 


-0.0677078 


-0.0670125 


-0.0658376 


-0.0585395 


-0.0520464 


-0.051635 


-0.0516308 


quadratic 


0.0534401 


0.052787 


0.0517889 


0.0462182 


0.041609 


0.0413243 


0.0413214 


sum 


-0.0142677 


-0.0142255 


-0.0140487 


-0.0123213 


-0.0104374 


-0.0103107 


-0.0103094 


sum/linear 


0.210725 


0.212281 


0.213384 


0.210478 


0.20054 


0.199684 


0.199675 


u 1 


linear 


-0.0368546 


-0.0370745 


-0.0372371 


-0.0371631 


-0.0365589 


-0.036509 


-0.0365085 


quadratic 


0.0305126 


0.0306218 


0.0306575 


0.0301119 


0.0292786 


0.0292193 


0.0292186 


sum 


-0.006342 


-0.0064527 


-0.0065796 


-0.0070512 


-0.0072803 


-0.0072897 


-0.0072899 


sum /linear 


0.172082 


0.174047 


0.176695 


0.189737 


0.199139 


0.199669 


0.199677 


u 2 


linear 


-0.00922363 


-0.00984824 


-0.0105588 


-0.0135921 


-0.0161567 


-0.0163254 


-0.0163271 


quadratic 


0.0067855 


0.00717768 


0.0093856 


0.011643 


0.0129895 


0.0130662 


0.0130670 


sum 


-0.00243813 


-0.00267056 


-0.0011732 


-0.0019491 


-0.0031672 


-0.0032592 


-0.0032601 


sum/linear 


0.264335 


0.271171 


0.111111 


0.143399 


0.19603 


0.19964 


0.199674 


Vku - 1 


linear 























quadratic 























Vku 1 - 


linear 























quadratic 























Vku 1 - 1 


linear 


0.00249842 


0.00257273 


0.00257823 


0.00188571 


0.000440709 


0.0000440714 


1.39366 X 10~ 6 


quadratic 


-0.000686175 


-0.000585444 


-0.000473995 


-0.000124947 


-1.66320 x 10~° 


-1.67990 x 10 _a 


-5.31279 X 10 _1 * 


Vku 1 - 2 


linear 























quadratic 























Vku 2 - 1 


linear 























quadratic 























Vku 2 - 2 


linear 


0.00147773 


0.00148346 


0.00147774 


0.00122804 


0.000337650 


0.0000341339 


1.07953 x 10~ 6 


quadratic 


-0.000511527 


-0.00043652 


-0.000354255 


-0.0000952753 


-1.28726 X 10~° 


-1.30123 X 10 _a 


-4.11527 X 10 _1 * 


Vku 2 - 3 


linear 























quadratic 
























Table 9: The values of the equations of motion of t, u and u a for T 2 ( J = 1) 
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